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Chapter 1

Introduction

1.1

Notation

We shall use the following notation:

We write “iff” as shorthand for “if and only if”.

For any finite set A, we denote by |A| the number of elements of A.

For any set A, we denote by 24 the power set of A.

For any set A and any m € N, we denote by (1‘741) the set of all m-elementary subsets of A,
ie. (1) ={Be24||Bl=m}.

For any sets A, B, we denote by B4 the set of all maps from A to B

For any map f € B4, any a € A and any b € B, we may write b = f(a) or b = f, instead of
(a,b) € f

Given any set J and, for any j € J, a set S;, we denote by []
the family {S;};e, ie.

jes S the Cartesian product of

[ISi=1f7—=1JS;|Vie: f(j) €S, (1.1)
JjeJ jeJ

We denote by (-, -) the standard inner product, and by || - || the Euclidean norm.
For any m € N, we define [m] = {0,...,m — 1}.
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Chapter 2

Supervised learning

2.1 Intuition

Informally, supervised learning is the problem of finding in a family g : © — Y X of functions, one
go : X — Y that minimizes a weighted sum of two objectives:

1. g deviates little from a finite set {(xs,ys)}ses of input-output-pairs
2. g has low complexity, as quantified by a function R : © — R{

We note that the family g can have meaning beyond a mere parameterization of functions from
X to Y. For instance, © can be a set of forms, g the functions defined by these forms, and R the
length of forms. In that case, supervised learning is really an optimization problem over forms
of functions, and R penalizes the complexity of these forms. Moreover, g can be chosen so as to
constrain the set of functions from X to Y in the first place.

We concentrate exclusively on the special case where Y is finite. In fact, we concentrate on the
case where Y = {0, 1} in this chapter and reduce more general cases to this case in Chapter 4.

Moreover, we allow ourselves to take a detour by not optimizing over a family g : © — {0, 1}¥
directly but instead optimizing over a family f : © — R¥X and defining g w.r.t. f via a function
L:Rx {0,1} — R{, called a loss function, such that

Ve OVreX: gp(z)=argmin L(fp(x),7) . (2.1)
9e{0,1}

2.2 Definition

Definition 1 For any S # @ finite, called a set of samples, any X # @, called an attribute space
and any x : S — X, the tuple (S, X, x) is called unlabeled data.

For any y : S — {0, 1}, given in addition and called a labeling, the tuple (S, X, z,y) is called
labeled data.

Definition 2 For any labeled data T = (S, X, z, y), any © # & and family of functions f : © — RX,
any R : © — Rar, called a regularizer, any L : R x {0,1} — Ra“, called a loss function, and
any \ € Rg, called a regularization parameter, the instance of the supervised learning problem
w.r.t. 7,0, f, R, L and X is defined as

1
AR(0) + @ZL(fQ(xs)vys) (2.2)

ses

inf
6cO

Definition 3 For any unlabeled data T'= (S, X, z), any f:X 3 Randany L:R x {0,1} = R{,
the instance of the inference problem w.r.t. T, f and L is defined as

min > L(f(xs),44) (2.3)

’ 0,18
v e{0.1}5 72

7
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Lemma 1 The solutions to the inference problem are the y : S — {0,1} such that

VseS: y, €argmin L(f(xs),9) . (2.4)
9€{0,1}
Moreover, if

f(X)c{o,1} (2.5)

and
WreRVYjE{0,1): L) = {(1) ftgejwie (2.6)

then
VseS: yl=flxy) . (2.7)

PROOF Generally, we have

Jain 2 L(f(xs),ys) = 2. ,min L(f(xs),vs) (2.8)

By (2.5), L(f(zs), f(z,)) is well-defined for any s € S. By (2.6) and non-negativity of L, we
have

Vys € {0,1}:  L(f(xs), f(xs)) =0 < L(f(2s),ys) - (2.9)

Thus, ys = f(xs) is optimal for any s € S.

We note that the exact supervised learning problem formalizes a philosophical principle known
as Ockham’s razor.



Chapter 3

Deciding

3.1 Linear functions

3.1.1 Data

Throughout Section 3.1, we consider real attributes. More specifically, we consider some finite set
V # @ and labeled data T = (S, X, z,y) with X =RVY. Hence, z: S — RY and y: S — {0,1}.

3.1.2 Familiy of functions

Throughout Section 3.1, we consider linear functions. More specifically, we consider © = R" and
f:© — RX such that

VoeOVieX: fo(i)=1(0,%) . (3.1)

3.1.3 Probabilistic model

Random variables

e For any s € S, let X, be a random variable whose realization is a vector z, € RY, called the
attribute vector of s

e For any s € S, let Y be a random variable whose realization is a binary number ys € {0,1},
called the label of s

e For any v € V, let ©, be a random variable whose realization is a real number 6, € R, called
a parameter

Conditional independence assumptions

We assume a probability distribution that factorizes according to the Bayesian net depicted below.

X
@v O 'O Ys
veV seSs
Factorization
e Firstly:
P(X,v,0) = [[ P(Y: | X,,0)P(X,) [ P(©.) (3.2)
sesS veV
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e Secondly:
P(X,Y,0)
P(X)Y)
P(Y | X,0) P(X) P(©)
P(X,)Y)
x P(Y | X,0)P(©)
= [[ reve | x..0) I] P©) (3.3)

seS veV

PO X,Y)=

Forms

We consider:

e The logistic distribution

1
Vse€S:  pyx.e(l)= [ =Cs) (3.4)
e A 0 € Rt and the normal distribution:
1
YveV: po, (0y) = /2" (3.5)

o\2r
3.1.4 Learning problem

Lemma 2 (Logistic regression) FEstimating maximally probable parameters 6, given attributes
x and labels y, i.e.,

argmax p@\X,Y(vaay)
OeR™

is identical to the supervised learning problem w.r.t. L, R and A\ such that

VreRVje{0,1}: L(r,9) = —gr +log(1+2") (3.6)
Vo € O: R() = ||0]|3
__loge

A= 502 (3.8)

Proor Firstly,

argmax p@\X,Y(ev €L, y)

9eR™
(3.3)
= argmax H Dy, | Xs,0 yé7 xba H p@v
OER™ seS veV
= argmax Zlogpy 1x,,0(Us, Ts, 0) + Z log pe, (6y) (3.9)
PER™ s€s eV

Substituting in (3.9) the linearization

longS|X5,@(ysax870)
= yslogpy,x..6(l,7s0) + (1 —ys)logpy, x.,6(0,zs,0)
pYA}(5 @(1ax8a9)
d I 0 0 3.10
pv.|x..0(0,75,0) *logpy.ix. (0. 6) (3.10)

as well as (3.4) and (3.5) yields the form (3.11) below that is called the instance of the la-regularized
logistic regression problem with respect to x, y and o.

1
argmin Y (—ys<9,xs> +log (1 + 2<97ms>)) Ogeneu2 (3.11)
oER™ sES

= yslog
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Exercise 1 a) Derive (3.11) from (3.9) using (3.10), (3.4) and (3.5)
b) Is the objective function of (3.11) convex?

3.1.5 Inference problem

11

Lemma 3 FEstimating maximally probable labels y, given attributes ' and parameters 0, i.e.,

argmax  py|x,e(y,z’,0)
y€{0,1}%

18 identical to the inference problem w.r.t. f and L. It has the solution

Proor Firstly,

Secondly,

min
y€{0,1}5’

argmax
ye{0,1}5

argmax
y€{0,1}5’

argmax
ye{0,1}5

argmax
ye{0,1}5

argmin
ye{0,1}5

argmin
ye{0,1}5

0 otherwise

Vse S ys:{

pY\X,@(ya xlv 9)

H pYS\Xs,@(y& x.ly 9)
ses’

> logpy,ix. 0(ys: 24, 0)
seS’

pYS\Xs,@(lal{saa) /
S (1 1 0,26
(y Ogil?‘x/s\xs,@(O,x’s,G)—|r o8 Pv.1x.,0(0: 2-6)

> (—ysfe(:v’s) +log (1 + 2f9(’”1‘)))

ses’

Z L(f@(ils)vys) :

ses’

> (—wefolal) +1og (142700 ) ) = 37 max y.fole) -

seS’

ses’ va€{0,1}

3.1.6 Inference algorithm

The inference problem is solved by computing independently for each s € S’ the label

_ {1 if (0,2) > 0

0 otherwise

The time complexity is O(|V||.S7]).

(3.12)

(3.13)

(3.14)
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Chapter 4

Semi-supervised and unsupervised
learning

4.1 Intuition

So far, we have considered learning problems w.r.t. labeled data (S, X, z,y) where, for every s € S,
a label ys € {0, 1} is given, and inference problems w.r.t. unlabeled data (S’, X', z) where no label
is given and every combination of labels 3’ : S — {0, 1} is a feasible solution.

Next, we consider learning problems where not every label is given and inference problems
where not every combination of labels is feasible. Unlike before, the data we look at in both
problems coincides, consisting of tuples (S, X, z,)) where ) C {0,1}" is a set of feasible labelings.
In particular, ) = {0, 1} is the special case of unlabeled data, and |)| = 1 is the special case of
labeled data. Non-trivial choices of ) allow us to express problems of learning and inferring finite
structures such as maps (Chapter 5).

4.2 Definition

Definition 4 For any S # @ finite, called a set of samples, any X # &, called an attribute space,
any z: S — X and any @ # Y C {0,1}°, called a set of feasible labelings, the tuple T = (S, X, z,)))
is called constrained data.

Definition 5 For any constrained data T = (S, X,x,)), any © # & and family of functions
f:©—=RX any R: © — R, called a regularizer, any L : R x {0,1} — R{, called a loss function
and any A\ € RSL, called a regularization parameter, the instance of the learning and inference
problem w.r.t. T,0, f, R, L and A is defined as

. . 1
15161%}1912(5) AR(6) + E ;L(fe(l"s)yys) (4.1)

The special case of one-elementary ) = {y} is called the supervised learning problem.
The special case of one-elementary © = {6} written below is called the inference problem.

min ZL(fO(xs)ays) (42)
seS

yey

13
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Chapter 5

Classitying

5.1 Maps

For any finite set A # @ whose elements we seek to classify and any finite set B # & of class labels,
we are interested in maps ¢ : A — B that assign to every element a € A precisely one class label
©(a) € B. Maps are precisely those subsets of ¢ C A x B that satisfy

Vae AFbeB: (ab) ey (5.1)
Vae AVb,Y € B: (a,b) € pA(a,b)ep=b=1 .
They are characterized by those functions y : A x B — {0,1} that satisfy
VacA: Y ya=1. (5.3)
beB

We reduce the problem of learning and inferring maps to the problem of learning and inferring
decisions, by choosing constrained data with

S=AxB (5.4)

Va € A: Zyab=1} ) (5.5)

beB

y:{y:AxB%{O,l}

5.2 Linear functions

5.2.1 Data

Throughout Section 5.2, we consider some finite set V' # @ and constrained data (S, X, z,)) with
S=AxBasin (5.4), X = BxRY, and ) as in (5.5). More specifically, we assume that, for any
(a,b) € A x B, the class label b is the first attribute of (a,b), i.e.,

Vac AVbe B3 €RY: 4 = (b,1) (5.6)
As a special case, we consider labeled data where we are given just one Y = {y} with y satisfying

the constraints (5.3).

5.2.2 Familiy of functions

Throughout Section 5.2, we consider linear functions. More specifically, we consider © = REXV
and f:© — R¥X such that

VoeObe BVE€RY:  fo((b,2) =D Opy iy = (6, &) . (5.7)
veV

15
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5.2.3 Probabilistic model
Random variables

e For any (a,b) € Ax B, let X, be a random variable whose realization is a vector x4, € B x RY,
called the attribute vector of (a,b).

e For any (a,b) € A x B, let Yy, be a random variable whose realization is a binary number
Yab € {0, 1}, called the decision of classifying a as b

e For any b € B and any v € V, let O, be a random variable whose realization is a real
number 6y, € R, called a parameter

e Let Z be a random variable whose realization is a subset z C {0,1}#*5. For multiple label
classification, we are interested in z = ), the set of the characteristic functions of all maps
from A to B.

Conditional independence assumptions

We assume a probability distribution that factorizes according to Bayesian net depicted below.

Xab

ebv O O Yab

veV a€A

be B

Factorization

These conditional independence assumptions imply the following factorizations:

o Firstly:

P(Xv Y, 27@) = P(Z | Y) H P(Yab | Xabvg) H P(ebv) H P(Xab)

(a,b)eAxB (bv)eBXV (a,b)eAxXB
(5.8)
e Secondly:
_ P(X,Y,Z,0)

_ P(Z|Y)P(Y | X,0) P(X) P(O)
- P(Z|X,Y)P(X,Y)
P(Z|Y)P(Y | X,0) P(X) P(©)
- P(Z|Y)P(X,Y)
_ P(Y | X,0)P(X)P(©)
P(X,Y)
x P(Y | X,0) P(©)
= J] POwl|Xw.©) J] P(Ow) (5.9)

(a,b)eAxB (b,v)eBXV
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e Thirdly,

P(X,Y,Z,©)
P(X,Z,0)
P(Z|Y)P(Y | X,0)P(X) P(©)
- P(X, Z,0)
x P(Z|Y)P(Y | X,0)
=PZ|Y) ][] PalXw©) (5.10)
(a,b)eAXB

PY|X,Z0)=

Forms
Here, we consider:
e The logistic distribution
1

V(a,b) S A X B N pYablxam@(]‘) = m (511)
e A 0 € Rt and the normal distribution:
V(bo) €EBXV: oy, () = ——c /2" (5.12)
’ o700 oV2r
e A uniform distribution on a subset:
AxB 1 ifyez
Vz C {0,1} D pzy(2) i (5.13)
0 otherwise

Note that pzjy ()) is non-zero iff the relation y~'(1) € A x B is a map.

5.2.4 Learning problem

Lemma 4 Estimating mazimally probable parameters 0, given attributes x and decisions y, i.e.,

argmax p@\X,Y(e, z,y)
OERB XV

is identical to the supervised learning problem w.r.t. L, R and X\ such that

VreRVYye{0,1}: L(r,g) = —gr +log(1+2") (5.14)
Vo € O: R(O) = |03 (5.15)

__loge
A= 552 (5.16)

Moreover, this problem separates into |B| independent supervised learning problems, each
w.r.t. parameters in R, with L and X\ as above, and with

Vo' e RV : R(9) = |03 (5.17)
PROOF Analogous to the case of binary classification from Section 3.1, we now obtain:

argimax p@|X,Y(97 o y)
OeRBXV

= argmin Z (—yabfe(:cab) + log (1 + 2f9(”“b))) +
OERPXY( b)eAxB

loge
202

16113 - (5.18)
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Consider the unique 2’ : A x B — RY such that, for any (a,b) € A x B, we have x, = (b, 2,).
Problem (5.18) separates into | B| many la-regularized logistic regression problems, one for each
b € B, because

/ loge
. _ / (Oy. )
Jmin S (vl i) +log (14207000 ) ) + ZE20)3
(a,b)eAXB
. o loge
=, in, > (Z (= a0y, 2) + log (1200200} ) + 22 L)1, ||2>
beB \acA

/ 1
=Y min {3 (<yar (B, ly) +log (142070 ) ) 4+ 22110, 3
00 €RY a€A

beB

5.2.5 Inference problem

Lemma 5 For any constrained data as defined above, any 6 € RP*V and any §: A x B — {0,1},
4 18 a solution to the inference problem

min > L(fo(wab): Yab) (5.19)

ey
Y (a,b)eAxB

iff there exists an ¢ : A — B such that

Vae A () € max (6., aly) (5.20)
and
V(a,b) e AXB: gap=1&¢(a)=0 . (5.21)
Proor

Z L(fe(xab)ayab)

(a,b)eAxB

= Y (L(fo(man): 1) Yab + L(fo(ap), 0) (1 = Yap))
(a,b)eAXB

= Y (L(folma):1) — L(fo(xab), 0)) Yap + const.
(a,b)eAXB

= Y (—fo(wab)) yar by (5.14)
(a,b)eAXB

= Z (= (b, x;b» Yab Tap = (b, 33:11))
(a,b)eAXB

- Z Z eb ’ ab yab

acAbeB

5.2.6 Inference algorithm

The inference problem is solved by solving (5.20) independently for each a € A. The time complexity
is O(|A[[B][V]).
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Supervised structured learning

6.1 Intuition

Even in the most general learning and inference problem w.r.t. constrained data (S, X, z,)) we
have considered so far, attributes x; € X are defined for single elements s € S only, and solutions
are such that decisions ys, ys € {0,1} for distinct s,s” € S are independent unless they are tied by
constraints of a feasible set ) C {0,1}7.

This mathematical abstraction of learning is too restrictive for certain applications. For example,
consider a task where we are given a digital image and need to decide for every pixel s € S, by the
contents of the image around that pixel, whether the pixel is of interest (ys = 1) or not of interest
(ys = 0). Typically, decisions at neighboring pixels s, s’ € S are more likely to be equal (ys = ys)
than unequal (ys # ys ), and we may wish to learn how this increased probability depends on the
contents of the image. None of the mathematical abstractions of learning we have considered so far
is sufficient to express this dependency.

In order to lift this restriction, we will now define a supervised learning problem as well as
an inference problem in which attributes are associated with subsets of S, and in which decisions
can be tied by probabilistic dependencies. Therefor, we will introduce a family H : @ — RX*Y of
functions that quantify by Hy(z,y) how incompatible attributes € X are with a combination
of decisions y € {0,1}°. We will define supervised structured learning as a problem of finding
one function from this family. We will define structured inference as the problem of finding a
combination of decisions y € {0, 1} that minimizes Hy(x, -).

6.2 Definition

Definition 6 A triple (S, F, E) is called a factor graph with variable nodes S and factor nodes F
ifft SNF =@ and (SUF, E) is a bipartite graph such that Ye € Eds € S3f € F: e = {s, f}.

For any factor node f € F', we denote by Sy = {s € S|{s, f} € E} the set of those variable
nodes that are neighbors of f.

Definition 7 A tuple T'= (S, F, E,{X} jer, ) is called unlabeled structured data iff (S, F, E) is
a factor graph, every set X is non-empty, called the attribute space of f, and x € [] feF Xy, where
the Cartesian product [] ;. Xy is called the attribute space of T'. A tuple (S, F, E,{Xy}fer, z,y) is

called labeled structured data iff (S, F, E,{X}ser, ) is unlabeled structured data, and y € {0,1}°.

Definition 8 For any labeled structured data T' = (S, F, E,{X} rer, ,y), the attribute space
X = erFXf» the set Y = {0,1}°, any © # @ and family of functions H : @ — RX*Y

any R: 0 — Rg, called a regularizer, any L : RY xY — R(i called a loss function, and any
A€ Rg , called a regularization parameter, the instance of the supervised structured learning problem

19
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0 01 1 12 2

Figure 6.1: The factor graph with S = {0,1,2} and F = {0,1,2,01,12} depicted above makes
explicit that a function H : {0,1}® — R factorizes according to H(y) = ho(yg) + h1(y1) + ha(ys) +
ho1(ya, y1) + hi2(y1, y3)-

w.r.t. T,0, H, R, L and \ is defined as

Intuitively, Hp is a function that quantifies by Hp(x,y) how incompatible attributes x € X are
with a combination of decisions y € {0,1}°. Consequently, Hy(z,-) is a functional that assigns an
incompatibility to every combination of decisions.

Definition 9 For any unlabeled structured data T = (S, F, E,{Xs} er,x) and any H: X x
{0,1}° — R, the instance of the inference problem w.r.t. T and H is defined as

i H(x, 6.2
o, (z,y) (6.2)

6.3 Conditional graphical models

6.3.1 Data

Throughout Section 6.3, we consider labeled data (S, F, E,{Xf}tcp,x,y) and an attribute space
X =l ep Xy such that, for every f € F, there is an ny € N and Xy = R"/.

6.3.2 Family of functions

Definition 10 For any factor graph G = (S, F, E), a function H : {0,1}® — R is said to factorize
w.r.t. G iff, for every f € F, there exists a function a function hy : {0,1}%f — R, called a factor of
H, such that

vy e {0,1}%:  H(y) =) hslys,) - (6.3)
feF

An example is shown in Fig. 6.1.

Definition 11 A tuple (S, F,E,{X}rer,0,{hs}rer) is called a conditional graphical model with
attribute space erF X = X and parameter space © iff (S, F, F) is a factor graph, © # @ and, for
every f € F, X; # &, called the attribute space of f, and hy: © — RX {017 called a factor.

The H : © — RX*{0.1}* defined below is called the energy function of the conditional graphical
model.

Vo€ O Ve e X Vye{0,1}%:  Holw,y) = > hyo(zy,ys,) (6.4)
feFr

Throughout Section 6.3, we consider such a conditional graphical model. We make two additional
assumptions: Firstly, we assume that © is a finite-dimensional, real vector space, i.e., there exists
a finite, non-empty set J and © = R”/. Secondly, we assume that every function h f is linear in
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O, i.e., for every f € F, there exists a o7 : X7 x {0,1}% — R” such that for any x; € Xy, any
ys, € {0,1}% and any 0 € ©:
hfg(vaysf) = <0’<)0f('rf7ysf)> (65)
For convenience, we define ¢ : X x {0,1}® — R” such that for any 2 € X and any y € {0,1}°:
E,y) =Y wr(@r,ys,) (6.6)
feFr
Thus, we obtain for any § € ©, any z € X and any y € Y:

He(xay) = Z hf@(vaySf)
feF

= Z<9’ @f(xﬁysf»

fer

= <97 Z ‘pf(vaysf)>

feF

= (0.&(z,y)) (6.7)

6.3.3 Probabilistic model
Random Variables

e Let X be a random variable whose realization is an element z € X of the attribute space.
e Let Y be a random variable whose realization is a combination of decisions y € {0,1}°

e Lor any j € J, let ©; a random variable whose realization is a 6; € R

Conditional independence assumptions

We assume a probability distribution that factorizes according to the Bayesian net depicted below.

o

‘ 0; O+—0QY¥
jed
Factorization
e Firstly:
P(X,Y,0) =P | x,0)PX) ][] P®©)) (6.8)
jeJ
e Secondly:
P(X,Y,0
P12,y = s
PY|X,0)P(X) [];c; P(0;)
a P(X,Y)
xP(YV|x,0) [[ PO (6.9)

jeJ
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Forms

Definition 12 For any conditional graphical model, the partition function Z: X x © — R and
Gibbs distribution p: X x {0,1}° x © — [0,1] are defined by the forms

Z(z,0) = e Ho(@y) (6.10)
ye%:l}s
1 _
p(yaxve) = Z(.CC 0)@ Ho(z,y) (611)

We consider in (6.9) the Gibbs distribution of our conditional graphical model, i.e.

1
Z(x,0)

py\X,@(yaxve) = 67H9(z,y) . (612)

Moreover, we consider in (6.9) a o € RT and, for every j € J, the normal distribution

1 2 2
(0;) = ——e 051207 6.13
p@J( ]) 0'\/% ( )

6.3.4 Learning problem

Lemma 6 Estimating mazimally probable parameters 0, given attributes x and decisions y, i.e.,
argmax Pe\x,y(e,x,y)
ferRY

1s identical to the supervised structured learning problem w.r.t. L, R and A such that

= Hy(z,y) +In Z e~ Ho(@y") (6.15)
y'€{0,1}5
= (0,(z,y) +In D et (6.16)
y'€{0,1}5
R(0) = [|6]3 (6.17)
1

Exercise 2 Prove Lemma 6.

Lemma 7 The first and second partial derivatives of the logarithm of the partition function have
the forms

1

0 /
—InZ = _é' T, y/ €_<9’§($’y ) 6.19
90, Z(z.0) y/e%l}s( i(@:y)) (6.19)
= E9’~Py|x,(—)(_§j(x7y/)> (620)
02 / /
. Iz = Ey/wpylx.e(Ej(z7y/)€k($’y/)) —Eypyivo (@ 0)Eynpy vo (el y))
00; 00,
= Covy’wpy\x,e(gj(xayl)agk(xayl)) (6.21)

Exercise 3 Prove Lemma 7.

Lemma 8 Supervised structured learning of a conditional graphical model is a convex optimization
problem.

Exercise 4 Prove Lemma 8 using (6.21).
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6.3.5 Inference problem

Lemma 9 Estimating mazimally probable decisions y, given attributes x and parameters 6, i.e.

argmax  py|x,e(z,y,0) (6.22)
y€{0,1}5

is identical to the structured inference problem with H(z,y) = Hg(z,y).

Exercise 5 Prove Lemma 9.

6.3.6 Learning algorithm

On the on hand, the supervised structured learning problem for conditional graphical models can
be solved exactly by means of the steepest descent algorithm, due to its convexity (Lemma 8).

Algorithm 1 Steepest descent with tolerance parameter € € Rg

0:=0
repeat
d:=VgL(Ho(z,"),y)
n = argmin, g L(Hg—yya(z,-),y) (line search)

0:=0—nd
if |d]| < e
return 6

On the other hand, the time complexity of computing the gradient is O(2!!), due to the
summations involved in computing the partition function Z(z,6) and expectation values (6.19).
More specifically, computing a derivative

0
7879]. InZ = Ey’N;Dyw,e (fj (Cﬂ, y’))
— 1 . ! _<07f(w,y')>
= 7w 2 S@ye

y'€{0,1}3

1 1Y o (0.6Gy)
Z(z,0) Z Z<pfj(x.f7y5‘f)e Y

y'€{0,1}5 feF

1 o
- m Z Z Z Sij(If,yg(f))e (0,&(@,y"))

FeF y 1y €{0,1}5) Yo\ s EL0,1}5VFD)

1 e
= Z Z @fj(xﬂyg(f))m Z e~ (0:8@y) (6.23)

fer y’s(f)e{o,l}s(ﬂ yg\s(f)E{O,l}S\S(f)

= Z Z Pri (l’f, y,g'(f))pys(f)\x,@(yls(f) | z, 0) (624)
feF yfs(f>6{0,1}s(f)

=D Byt mpyg gy e (91325 Us()) (6.25)
fer

requires computing
e the partition function
Z(x,0)= Y e 0Ly (6.26)

y'€{0,1}5
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e for every factor f € F, the so-called factor marginal

1 . (a
PyS(f)w,e(yi@(f) | z,0) = T Z e~ {0k@¥)) (6.27)

z,0 ’ 0,1}S\S($€)
Ys\sip €101}

e for every factor f € F, the expectation value

Z Sofj(vay{s‘(f))pys(f)|2’(’,@(yf9(f) | z,0) . (6.28)

ey €011

In the special case where the degree maxscp S(f) of the conditional graphical model is bounded
by a constant, computing (6.28) from the factor marginal takes constant time. The challenge in
(6.27) or all (6.26) is to sum the function

ol ) = e O£ (6.29
over assignments to some (6.27) or all (6.26) variables y’. Defining

'L/er(xfa yfg(f)) = e—(G,Wf(xf,y/S(f))) (6.30)

and exploiting factorization (6.6), we obtain

67<07£(Iry/)>

= o~ Zrer(0ws(@rysi)) (6.31)

— H e~ (0wr (@5 ys(s))) (6.32)
fer

= 1 vroCzsusir) - (6.33)
fer

Thus, the challenge in (6.27) and (6.26) is to compute a sum of a product of functions. Specifically:

Z,0)= > [ ¢rexsusi) (6.34)
yE{0,1}5 fEF
1
Pysiplx0 s | 2.0) = 7.0 > 1 ¢rolas.sin) (6.35)

Yoy s0p) €(0.1)5\SD) FEF

One approach to tackle this problem is to sum over variables recursively. In order to avoid
redundant computation, Kschischang et al. (2001) define partial sums:

Definition 13 (Kschischang et al. (2001)) For any variable node s € S and any factor node
f € F, the functions

Mssf,Mfss: {0, 1} — R s (6.36)

called messages, are defined such that for all y, € {0,1}:

M (Ys) = H mgs(Ys) (6.37)
Frer(s)\{f}
miss(s) = Y. Crelepysy) ] meorye) (6.38)

YS(H\{s} s'€S(F\{s}
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Lemma 10 If the factor graph is acyclic, messages are defined recursively by (6.37) and (6.38),
beginning with the messages from leaves. Moreover, for any s € S and any f € F:

Z(x,&) = Z H mf’%s(?Js) (639>

ys€{0,1} f'€F(s)

1
Pyslx.0Wsepy [ 2,0) = m¢f0(vays(f)) T meor(e) (6.40)
’ s'€S(f)

Exercise 6 Prove Lemma 10.

The recursive computation of messages is known as message passing.

For conditional graphical models whose factor graph is acylic, the supervised structured learning
problem can be solved efficiently by means of the steepest descent algorithm and message passing,
by Lemma 8 and Lemma 10.

For conditional graphical models whose factor graph is cyclic, the definition of messages by
(6.37) and (6.38) is cyclic as well. The partition function and marginals cannot be computed by
message passing in general. A heuristic without guarantee of correctness or even convergence is to
initialize all messages as normalized constant functions and update messages according to some
schedule, e.g., synchronously. This heuristic is known as loopy belief propagation and has proven
suitable for some applications.
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6.3.7 Inference algoritms
Iterated conditional modes (ICM)

For the inference problem

argmin Hy(z,y) , (6.41)
ye{071}s

a heuristic that is guaranteed to converge and terminate in a (possibly sub-optimal) feasible solution
is local search w.r.t. transformations that change one variable at a time:

Definition 14 For any s € S, let flip,: {0,1}° — {0,1}" such that for any y € {0,1}° and any
teS:

. 1—y ift=s
flip, [y] () = { ' L (6.42)
Yt otherwise

Algorithm 2 Greedy local search w.r.t. transformations that change one variable at a time is
defined by the recursion below. In the context of graphical models and probabilistic inference, this
algorithm is also known as iterated conditional modes, or ICM (Besag, 1986).

y' = icm(y)

choose s € argmin Hp(z, flip,[y]) — Ho(z,y)
s’€S
if He(xv ﬁlps[yD < Hg(x, y)
y' = iem(flip,[y])
else
Yy =Yy

Message passing

The inference problem

argmin Z hyo(xs, ys(s)) (6.43)
y€{0,1}% feF

consists in computing the minimum of a sum of of functions. This problem is analogous to that of
computing the sum of a product of functions (Section 6.3.6) in that both (R, min, +) and (R, +,-)
are commutative semi-rings. This analogy is sufficient to transfer the idea of message passing,
albeit with messages adapted to the (R, min, +) semi-ring:

Definition 15 (Kschischang et al. (2001)) For any variable node s € S and any factor node
f € F, the functions

Ws—fybfoss: {0,1} = R, (6.44)
called messages, are defined such that for all y, € {0,1}:
fs— g (Ys) = Z trpr—s(Ys) (6.45)
freF(s)\{f}
s(ys) = min hee(zy, + 5 5 6.46
frf—s(Ys) Vst tey ro(zs,ys(p) Z s’ (Ys) ( )

s'e€S(f)\{s}

Lemma 11 If the factor graph is acyclic, messages are defined recursively by (6.45) and (6.46),
beginning with the messages from leaves. Moreover, for any s € S:

min hro(x min /
ye{0,1}8 Z f‘9 > yS(f) ye{()l}f,ezF:( Hf'—s ys
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PROOF Analogous to Lemma 10.

For conditional graphical models whose factor graph is acyclic, the inference problem can be
solved efficiently by means of message passing, by Lemma 11.

For conditional graphical models whose factor graph is cyclic, the definition of messages by (6.45)
and (6.46) is cyclic as well. The inference problem cannot be solved by message passing in general.
A heuristic without guarantee of correctness or even convergence is to initialize all messages as
constant zero and update messages according to some schedule, e.g., synchronously. This heuristic
is also known as loopy belief propagation and has proven suitable for some applications.
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Chapter 7

Clustering

7.1 Decompositions and multicuts

This section is concerned with learning and inferring decompositions (clusterings) of a graph. We
introduce some terminology of Horndkova et al. (2017):

Definition 16 Let G = (A, E) be any graph. A subgraph G’ = (A, E’) of G is called a component
of G iff G’ is non-empty, node-induced! and connected?. A partition II of the node set A is called a
decomposition of G iff, for every U € II, the subgraph (U, E N (g)) of G induced by U is connected
(and thus a component of G).

For any graph G, we denote by D¢ the set of all decompositions of G. Useful in the study of
decompositions are the multicuts of a graph:

Definition 17 For any graph G = (A, E), a subset M C F of edges is called a multicut of G iff,
for every cycle C C F of G, we have |C' N M| # 1.

For any graph G, we denote by Mg the set of all multicuts of G. For any decomposition of a
graph G, the set of those edges that straddle distinct components is a multicut of G. This multicut
is said to be induced by the decomposition. In fact, the map from decompositions to induced
multicuts is a bijection from D¢ to Mg (Horndkovd et al., 2017, Lemma 2). This bijection allows
us to state the problem of learning and inferring decompositions as one of learning and inferring
multicuts.

The characteristic function y: E — {0,1} of a multicut y~!(1) decides, for every edge {a,a’} =
e € E, whether the incident nodes belong to the same component (y. = 0) or distinct components
(ye = 1). By the definition of a multicut, these decisions are not necessarily independent. More
specifically:

Lemma 12 For any graph G = (V, E) and any y: E — {0,1}, the set y~1(1) of those edges that
are mapped to 1 is a multicut of G iff the following inequalities are satisfied:

VC € cycles(G) Ve € C: ye < > e (7.1)
e’eC\{e}

Exercise 7 a) Prove Lemma 12.
b) Show that it is sufficient in (7.1) to consider only chordless cycles.

’
Le. B'=En (3)
2A component is not necessarily maximal w.r.t. the subgraph relation.

29
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Now that we have a finite set E, decisions y: E — {0,1} and constraints (7.1), we can state
the problem of learning and inferring multicuts as a learning and inference problem (4.1) with

S=E (7.2)

Yy y: S —{0,1} | VC € cycles(G) Ve € C: y. < Z Ye! (7.3)

e’eC\{e}

7.2 Linear functions

7.2.1 Data

Throughout Section 7.2, we consider some graph G = (A, E) and constrained data (S, X,z,))
with S = E, as in (7.2), ) defined as in (7.3), and X = RY with some finite, non-empty set V. As
a special case, we consider labeled data, i.e., Y = {y} with y satisfying the constraints (7.1).

7.2.2 Familiy of functions

Throughout Section 7.2, we consider linear functions. More specifically, we consider ©® = R" and
f:© — RX such that

VoeovieRY: fo(z)=(0,%) . (7.4)

7.2.3 Probabilistic model
Random variables
e Forany {a,a’'} € S, let X, .} be a random variable whose realization is a vector x4 1} € RY,
called the attribute vector of the pair {a,a'}.

e For any {a,a’'} € S, let Yy, .1 be a random variable whose realization is a binary number
Y{a,a'} € 10,1}, called the decision of assigning a and @ to distinct components

e For any v € V, let ©, be a random variable whose realization is a real number 6, € R, called
a parameter

e Let Z be a random variable whose realization is a subset z C {0, 1}5 . We are interested in
z = ), a characterization of all multicuts (and hence, decompositions) of G

Conditional independence assumptions

We assume a probability distribution that factorizes according to the Bayesian net depicted below.

Xs

0, O~

Y

Z

Factorization
These conditional independence assumptions imply the following factorizations:

e Firstly:

P(X.Y,2,0)=P(z|Y) [[ Pv. | x..0) [] P(x.) T P(©.) (7.5)

ses SES veV
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e Secondly:
po | x,v.2) - PELZO
_ P(Z]Y)P(Y | X,0) P(X) P(6)
N P(Z|X,Y)P(X,Y)
_P(Z|Y)P(Y|X,0)P(X)P(©)
B P(Z|Y)P(X,Y)
_P(Y|X,0)P(X)P(O©)
P(X,Y)
x P(Y | X,0)P(©)
=[[ P 1 x.,0) ] P(ew) (7.6)
s€ES veV
e Thirdly,
13,0 = PSE 2O
_P(Z|Y)P(Y | X,0)P(X)P(O)
N P(X,Z,0)
xP(Z|Y)P(Y | X,0)
= P(Z|Y) [[ P(Y. | X,.0) (77)
seS
Forms

Here, we consider:

e The logistic distribution

1
VselS: Py.ix.0(l) = Tr o feln) (7.8)
e A 0 € RT and the normal distribution:
]. 2 2
YoeV: o, (0,) = ——e"%/% 7.9
pov( ) UVKZ; ( )
e A uniform distribution on a subset:
1 if
V2 C{0,1}°:  pzy(2) o tye Z (7.10)
0 otherwise

Note that pzy (Y) is non-zero iff y~'(1) is a multicut and hence defines a decomposition of

G.

7.2.4 Learning problem
Corollary 1 Estimating mazimally probable parameters 0, given attributes x and labels y, i.e.,

argmax pe|x,y (6,2,%)
OcR™

18 identical to the supervised learning problem w.r.t. L, R and A\ such that

VreRVje{0,1}: L(r,9) = —gr +log(1+2") 7.11)
Vo € ©: R(6) = |10]|3 7.12)
)= loge (7.13)

202
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7.2.5 Inference problem

Corollary 2 For any constrained data as defined above and any 8 € RV, the inference problem
has the form of CORRELATION-CLUSTERING, i.e.

min > (0. 2gaay) Yiaa) (7.14)
y: S—{0,1} (a.a}€s
subject to VC € cycles(G) Ve € C: y, < Z Yer - (7.15)

e’eC\{e}

CORRELATION-CLUSTERING has been studied intensively, notably by Chopra and Rao (1993),
Bansal et al. (2004) and Demaine et al. (2006).

Lemma 13 (Bansal et al. (2004)) CORRELATION-CLUSTERING is NP-hard.

Bansal et al. (2004) establish NP-hardness of CORRELATION-CLUSTERING by a reduction of
k-TERMINAL-CUT whose NP-hardness is an important result of Dahlhaus et al. (1994).

7.2.6 Inference algorithm

Below, we discuss three local search algorithms for CORRELATION-CLUSTERING. For simplicity, we
define ¢ : S — R such that

V{a,a'} es: Cl{aa’} = _<97x{a,a’}> (716)

and write the objective function ¢ : {0,1}® — R such that
Vye{0,1}%: o) = D claw)Yaa) (7.17)

{a,a’}€S

Greedy joining

The greedy joining algorithm starts from any initial decomposition and searches for decompositions
with lower objective value by joining pairs of components recursively. By this procedure, components
can only grow, and the number of components decreases by precisely one in every step. Thus, one
typically starts from the finest decomposition IIy of G = (A4, F) into one-elementary components.

Definition 18 For any graph G = (A, E) and any disjoint sets B, C C A, the pair {B, C} is called
neighboring in G iff there exist nodes b € B and ¢ € C such that {b,c} € E.

For any decomposition IT of a graph G = (A, E), we define
gnz{{B,C}e (g)‘ﬂbeBElceC: {b,c}eE} . (7.18)

Definition 19 For any decomposition II of G = (4, E) and any {B,C} € &y, let joingo[II] be
the decomposition of G obtained by joining the sets B and C' in II, i.e.

joing[II] = (IT\ {B,C})u{BUC} . (7.19)
Algorithm 3 The greedy joining algorithm is defined by the recursion below.

IT' = greedy-joining (1)

choose {B,C} € argmin (yiomsrer M) — o(ym)
{B’",C'}e€n
if p(yomeelll) — o(y) <0
I := greedy-joining(join g~ [II])
else
Ir:=1I

Exercise 8 a) Write the difference @(yo™e'c’/My — o(y1) in terms of the ¢ defined in (7.16).
b) Implement greedy joining efficiently.
¢) Establish a bound on the time complezity of your implementation.
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Greedy moving

The greedy moving algorithm starts from any initial decomposition, e.g., the fixed point of greedy
joining. It seeks to lower the objective value by recursively moving individual nodes from one
component to a neighboring component, or to a new component. When a node is moved to a
new component, the number of components can increase. When the last node is moved from a
component, the number of components decreases.

Definition 20 For any graph G, a component G’ of G is called mazimal iff there is no subgraph
of G that is both a strict supergraph of G’ and a component of G.

Definition 21 For any graph G = (A, E) and any decomposition II of G, the decomposition II is
called coarsest iff, for every U € II, the component (U, EN ([2])) induced by U is maximal.

Lemma 14 For any graph G, the coarsest decomposition is unique.

For any graph G, we denote the coarsest decomposition by IIf,.

Definition 22 For any graph G = (A, E), any decomposition IT of A and any a € A, choose U,
to be the unique U, € II such that a € U,, and let

Ny={otu{WelllagW A Jwe W: {a,w} € E} (7.20)

Go = (Ua\ {a}, B0 (V3fh) (7.21)

For any U € N, let move,y [I1] the decomposition of A obtained by moving the node a to the
set U, i.e.

movegy (I} = I\ {Us, Uy U{U U{a}} UII;, . (7.22)

Algorithm 4 The greedy moving algorithm is defined by the recursion below.

IT" = greedy-moving(II)

choose (a,U) € argmin o(ymovearvr [y — (1)
(a",U)eAx(ITU{@})
if p(ymoveevil) — o(y™) <0
I := greedy-moving(move,y [I1])
else
Ir:.=1

Exercise 9 a) Write the difference o(y™veav i) — oo(y1t) in terms of the ¢ defined in (7.16).
b) Implement greedy moving.

Greedy moving using the technique of Kernighan and Lin (1970)

Both algorithms discussed above terminate as soon as no transformation (join and move, resp.) leads
to a partition with strictly lower objective value. This can be sub-optimal in case transformations
that increase the objective value at one point in the recursion can lead to transformations that
decrease the objective value at later points in the recursion and the decrease overcompensates the
increase. A generalization of greedy local search introduced by Kernighan and Lin (1970) can
escape such sub-optimal fixed points. It is applied to greedy moving below.

Algorithm 5 The greedy moving algorithm generalized by the technique of Kernighan and Lin
(1970) is defined by the recursion below.
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IT" = greedy-moving-kI(IT)

HO =11
50 =0
AO =A
t:=0
repeat
choose (at,Ui) € argmin
(a,U)eAx (TIU{@})
;41 := move,,y, [I1¢]
de1 = @(y"rt) —p(y't) <0
At+1 = At \ {at}
t=t+1
until 4; = &
o
{:=min argmin > 0
t/€40,...,|A|} 7=0

i
if >0, <0
=0
IT" := greedy-moving-kI(II;)
else
Ir:.=1I

p(ymeveav ) — o(yHe)

(build sequence of moves)

(move a; only once)

(choose sub-sequence)

(recurse)

(terminate)

Exercise 10 a) Implement greedy moving using the technique of Kernighan and Lin (1970).
b) Generalize the greedy joining algorithm using the technique of Kernighan and Lin (1970).
¢) Implement greedy joining using the technique of Kernighan and Lin (1970).
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