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Supervised Learning of Linear Functions

Contents. This part of the course is about the supervised learning of linear

functions, more specifically, about linear logistic regression and linear support
vector machines.

» We introduce these problems by defining labeled data, a family of functions,
a regularizer and a loss function.

» We motivate the logistic loss function probabilistically.

We show: l2-regularized linear logistic regression is a convex optimization
problem. It can be solved, e.g., by the steepest descent algorithm.

» \We state the [;-regularized linear support vector machine learning problem
in the form of a linear program.
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We consider labeled data with real inputs. More specifically, we consider some
finite, non-empty set V/, called the set of inputs, and labeled data
T = (S, X, z,y) such that X = RY. Hence:
z: S —RY (1)
y: S —{0,1} (2)
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We consider linear functions. More specifically, we consider © = R" and
f:© — RX such that

VOcOVieX: fo(d)=(0,2)= 0,

veV
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Example: For
> any labeled data (S, X, z,y) such that X = RY and V # 0 finite
» © =R"Y and f: © — R¥ such that V0 € OVi € X: fo(2) = (9, &)
> L:Rx{0,1} — R such that for any r € R and any b € {0, 1}:

L(r,b) = —rb+In(1 4+ €") = In(1 + e~ 717 )

> any R: © — R} and any A € R{

the supervised learning problem

AR(G) +ZL(f9(IS)7yS) (5)

seS

inf
0€©

is called the linear logistic regression problem.
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We motivate the logistic loss function probabilistically:

» For any sample s € S, let X5 be a random variable whose value is a vector
zs € RV, the input vector of s

» For any sample s € S, let Y, be a random variable whose value is a binary
number y; € {0, 1}, the label of s

» For any v € V, let ©, be a random variable whose value is a real number
0, € R, a parameter of the linear function we seek to learn

Assume the joint probability factorizes according to

P(X,Y,0) = [[(P(Y: | X5,0)P(X,)) [ ] P(©.) - (6)

seS veV
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» Sigmoid distribution

. 1
- 1+ e—fo(zs)

(7)

VseS:  pyvx,e(l)
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» Normal distribution with o € R™:

pe, (0v)

(7)

YveV: po, (6,) = ﬁe—eg/gﬁ
0.4 5
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Supervised Learning of Linear Functions

We attempt to learn parameters 6 from given inputs = and given labels y by
maximum likelihood estimation, i.e.,

max prs\xs,e(e) H Pu(fy) - (8)

6erR™
zeS veV

We attempt to infer labels from given inputs « and given parameters 6 by solving

ma . 9
yE{O,i(}S pY\X,@(Zl) 9)
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Lemma. The maximum likelihood estimation problem of the parameters 6 for

given inputs x and given labels y, i.e.,

max H pys\xs,@(e) H DPov (gv)

\%4
VERY  Es VeV

is equivalent to the ls-regularized linear logistic regression problem, more

specifically, to the supervised learning problem

min - AR(0) + SGZSL( fo(zs),ys) (10)
with L, R and )\ such that
VreRVbe{0,1}: L(r,b) = —rb+1In(1+¢") (11)
Vo € O: R(6) = |16])3 (12)
L (13)

A= .
202
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Proof. Firstly,

argmax pr |Xs,0 y57ws, H pe,

ocRV seS vEV
= argmax Zlnpy |Xs,0 (ys, Ts,6) + Z In pe,, ( (14)
OERY ses veV

Secondly,

Inpy,|x, 0 Vs, zs,0)
= yslnpy,x,e(1,2s5,0) + (1 —ys) Inpy, x, 0(0, 25, 0)

PYS\XS,G(L%:G)
= sIn———"2— " "~ 2 1t 1]n X 0,373,6 15
Y v ix..0 (0,22, 0) Py 1xs.0{ ) (%)

Thus, with (7) and (4):

argmin Z (—y5<0, Zs) +1n (1 + ew’wb’))) + #H@Hg (16)

OERY seS
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Lemma. The objective function

0(0) = AR(O) + 755 3 Lfo(z) 1)

seS

of the l2-regularized logistic regression problem is convex.

Proof. Exercise!

(17)
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The l2-regularized logistic regression problem can be solved, e.g., by the steepest
descent algorithm with a tolerance parameter ¢ € R{:

Algorithm. Steepest descent with line search

0:=0
repeat
d:= V()
7 = argmin,cp (6 —n'd)  (line search)
0:=60—nd
if [|d]] <e
return 6
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Lemma. The problem of inferring maximally probable labels y, given inputs x
and parameters 0, i.e.,

argmax py|x,@(y) (18)
ye{0,1}5

is equivalent to the inference problem

min ZL(fe(xs),y;) . (19)

’ S
y'€{0,1}5 7%

It has the solution

1 if é 0
VseS: ys= ! fe(x?) ~ - (20)
0 otherwise
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Proof. Firstly,

/
argmax py|x,e(y,z,0)
ye{0,1}5

= argmax Hst\Xs,(-)(yS:x;»e)
y€{0,1}5 sES

= argmax Y Inpy,ix, e (ys, 2., 6)
ye{0,1}5 ses

o(l,z,0
= argmax Z <ys In ML(;S) +Inpy, |x,,0(0, xh, 0))
velo}s ‘% Py, x,,0(0,7%,0)

= argmin Z (—ysfe(a:’s) +1n (1 + efa(xé)))

ye{0,1}5 ses

= argmin ZL(fe(l';)»yS) .

ye{0,1}5 ses

Secondly,
min — zh) +1n (l—l—ef"(x;))) = max zh) .
ye{o,l}sses( v foles) ;yse{o,l}ysfe( )
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Example: For
» any labeled data (S, X, z,y) such that X = R" and V # 0 finite

» ©=RY and f: © — R¥ such that V0 € OVi € X: fo() = (9, &)
> :Rx {0,1} — R such that for any r € R and any b € {0,1}:

L(r,b) = max(0,—(2b — 1)r + 1) (hinge loss function) (21)
» any R: © = R and any A € R{
the supervised learning problem
(22)

inf  AR(0) + D L(fo(xs),s)

Oc
seS

is called the linear support vector machine (SVM) learning problem. 15/17
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Lemma: For

» any labeled data (S, X, z,y) such that X = RY and V # 0 finite
» ©=RY and f: © — R¥ such that V0 € OVi € X: fo(&) =

> R:© — Ry such that VO € ©: R(0) = ||0]]:.

> any/\E]Rg
> any 0 € O

(0,2)

0 is a solution to the linear SVM learning problem wrt. the above iff there exist

EE R® and é+,é_ € RY such that 6 = 4%

the linear program

min Z§5+)\29++)\ZG_

0€O,£€RS

subject to Vs € S:
Vs e S:

YveV:
YveV:

veV

(2ys — 1)(67

£ 20

veV

,9,

zs) —1+& >0

— 6~ and (£,67,67) is a solution to

(23)

(24)
(25)
(26)
(27)
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Summary.

» Logistic regression is a supervised learning problem with the logistic loss
function.

» The logistic loss can be derived from a probabilistic model with the sigmoid
distribution as the likelihood as the normal distribution as the prior.

» [s-regularized linear logistic regression is a convex optimization problem that
can be solved, e.g., by the steepest descent algorithm.

» Support vector machine learning is a supervised learning problem with the
hinge loss function.

» [i-regularized linear support vector machine learning is a linear optimization

problem that can be solved, e.g., by the simplex algorithm (see exercises).
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