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Contents.

▶ This part of the course motivates and defines the l2-regularized logistic
regression problem and the steepest descent algorithm.

▶ Moreover, it defines the supervised learning problem and shows that
logistic regression is a special case of supervised learning.
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Problem. Given a finite set V of pixels, the set X = RV of images, a finite
image collection x : S → X and binary labels y : S → {0, 1}, find a function
g : X → {0, 1} to assign a label g(x) to any image x ∈ X.

Example. Learning to identify precisely the images of the hand-written digit 7.
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To begin with, consider linear functions. More specifically, consider Θ = RV

and f : Θ → RX such that for all θ ∈ Θ and all x̂ ∈ X:

fθ(x̂) = ⟨θ, x̂⟩ =
∑
v∈V

θv x̂v (1)
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YsΘv
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We introduce a probabilistic model:

▶ For any s ∈ S, let Xs be a random variable whose value is a vector
xs ∈ RV , the image xs indexed by s in the collection.

▶ For any s ∈ S, let Ys be a random variable whose value is a binary number
ys ∈ {0, 1}, the label ys of the image xs indexed by s in the collection.

▶ For any v ∈ V , let Θv be a random variable whose value is a real number
θv ∈ R, a parameter of the function we seek to learn.

We assume the conditional independencies of the Bayes net depicted above.
Thus,

P (X,Y,Θ) =
∏
s∈S

(P (Ys | Xs,Θ)P (Xs))
∏
v∈V

P (Θv) . (2)
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▶ We assume a sigmoid distribution

∀s ∈ S : pYs|Xs,Θ(1) =
1

1 + e−fθ(xs)
(3)
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▶ We assume a normal distribution with σ ∈ R+:

∀v ∈ V : pΘv (θv) =
1

σ
√
2π

e−θ2v/2σ
2

(3)
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We attempt to learn parameters by maximizing their likelihood∏
s∈S

(P (Ys | Xs,Θ)P (Xs))
∏
v∈V

P (Θv)

∝
∏
s∈S

P (Ys | Xs,Θ)
∏
v∈V

P (Θv) . (4)

We attempt to infer labels by maximizing the conditional probability

P (Y | X,Θ) =
∏
s∈S

P (Ys | Xs,Θ) . (5)
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Lemma 1. Estimating maximally probable parameters θ, given images x and
labels y, i.e.,

max
θ∈RV

pΘ|X,Y (θ, x, y)

is equivalent to the optimization problem

min
θ∈Θ

λR(θ) +
∑
s∈S

L(fθ(xs), ys) (6)

with L, R and λ such that

∀r ∈ R ∀b ∈ {0, 1} : L(r, b) = −br + ln (1 + er) (7)

∀θ ∈ Θ: R(θ) = ∥θ∥22 (8)

λ =
1

2σ2
. (9)

It is called the l2-regularized logistic regression problem.
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Proof. Firstly,

argmax
θ∈RV

∏
s∈S

pYs|Xs,Θ(ys, xs, θ)
∏
v∈V

pΘv (θv)

= argmax
θ∈RV

∑
s∈S

ln pYs|Xs,Θ(ys, xs, θ) +
∑
v∈V

ln pΘv (θv) (10)

Secondly,

ln pYs|Xs,Θ(ys, xs, θ)

= ys ln pYs|Xs,Θ(1, xs, θ) + (1− ys) ln pYs|Xs,Θ(0, xs, θ)

= ys ln
pYs|Xs,Θ(1, xs, θ)

pYs|Xs,Θ(0, xs, θ)
+ ln pYs|Xs,Θ(0, xs, θ) (11)

Thus, with (3) and (4):

argmin
θ∈RV

∑
s∈S

(
−ysfθ(xs) + ln

(
1 + efθ(xs)

))
+

1

2σ2
∥θ∥22 (12)
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Lemma 2. The objective function

φ(θ) = λR(θ) +
∑
s∈S

L(⟨θ, xs⟩, ys) (13)

of the linear l2-regularized logistic regression problem is convex.

Proof. (Not part of this course. See Machine Learning 1).
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The l2-regularized logistic regression problem can be solved, e.g., by the
steepest descent algorithm:

Algorithm. Steepest descent with line search and tolerance parameter ϵ ∈ R+
0

θ := 0
repeat

d := ∇φ(θ)
η := argminη′∈R φ(θ − η′d) (line search)
θ := θ − ηd
if ∥d∥ < ϵ

return θ
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Lemma 3.Maximally probable labels y, given images x and parameters θ, i.e.,
solutions to

argmax
y∈{0,1}S

pY |X,Θ(y, x, θ) (14)

are such that

∀s ∈ S : ys =

{
1 if fθ(xs) > 0

0 if fθ(xs) < 0
. (15)
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Proof. Firstly,

argmax
y∈{0,1}S

pY |X,Θ(y, x, θ)

= argmax
y∈{0,1}S

∏
s∈S

pYs|Xs,Θ(ys, xs, θ)

= argmax
y∈{0,1}S

∑
s∈S

ln pYs|Xs,Θ(ys, xs, θ)

= argmax
y∈{0,1}S

∑
s∈S

(
ys ln

pYs|Xs,Θ(1, xs, θ)

pYs|Xs,Θ(0, xs, θ)
+ ln pYs|Xs,Θ(0, xs, θ)

)
= argmin

y∈{0,1}S

∑
s∈S

(
−ysfθ(xs) + ln

(
1 + efθ(xs)

))
= argmin

y∈{0,1}S

∑
s∈S

L(fθ(xs), ys) .

Secondly,

min
y∈{0,1}S

∑
s∈S

(
−ysfθ(xs) + ln

(
1 + efθ(xs)

))
=

∑
s∈S

max
ys∈{0,1}

ysfθ(xs) .
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Contents (reflection).

▶ So far, we have derived the l2-regularized logistic regression problem from
a probabilistic model.

▶ Next, we define the supervised learning problem and observe that logistic
regression is a special case.
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Definition 1. For any finite, non-empty set S, called a set of samples, any
X ̸= ∅, called an input space and any x : S → X, the tuple (S,X, x) is called
unlabeled data. For any y : S → {0, 1}, given in addition and called a
labeling, the tuple (S,X, x, y) is called labeled data.

Definition 2. For

▶ any labeled data T = (S,X, x, y),

▶ any Θ ̸= ∅ and f : Θ → RX ,

▶ any R : Θ → R+
0 , called a regularizer,

▶ any L : R× {0, 1} → R+
0 , called a loss function and

▶ any λ ∈ R+
0 :

the instance of the supervised learning problem has the form

inf
θ∈Θ

λR(θ) +
∑
s∈S

L(fθ(xs), ys) (16)



16/16

Machine Learning for Computer Vision (1/3)

Example 1. For

▶ any labeled data T = (S,X, x, y) with X = RV and V finite,

▶ Θ = RV and f : Θ → RX such that for all θ ∈ Θ and all x̂ ∈ X:

fθ(x̂) = ⟨θ, x̂⟩ =
∑
v∈V

θv x̂v (17)

▶ R : Θ → R+
0 such that for all θ ∈ Θ: R(θ) = ∥θ∥22

▶ L : R× {0, 1} → R+
0 such that for all r ∈ R and all b ∈ {0, 1}:

L(r, b) = −rb+ ln(1 + er) (18)

▶ any λ ∈ R+
0 :

the supervised learning problem

inf
θ∈Θ

λR(θ) +
∑
s∈S

L(fθ(xs), ys) (19)

is called l2-regularized linear logistic regression.


