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Structured learning

The inference problem wrt. a conditional graphical model has the form of an
unconstrained binary optimization problem:

min {Ho(z,y) | y € {0,1}°} (1)
=min Z hro(zs, ys(s)) |y € {0, 1}5 (2)
fer
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Structured learning

Definition 1. For any s € S, let flip,: {0,1}° — {0,1}" such that for any
y €{0,1}° and any t € S:

1-— ift =
e o= (3)

Yt otherwise

flip,[y](t) = {

Algorithm. lterated conditional modes

y' = icm(y)
choose s € argmin,, g Ho(x,flip,/[y]) — Ho(x,y)
if Ho(z,flip,[y]) < Ho(z,y)
y' = icm(flip,[y])
else
y =y
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Structured learning

Definition 2. (Kschischang 2001) For any variable node s € S and any factor
node f € F, the functions

Hs—fof—s: {071} —+R ) (4)

called messages, are defined such that for all y, € {0, 1}:

psoy(ys) = D pproa(ys) (5)

FreF(s)\{f}
pi—s(ys) = min o hio(zs,ysin) + > hesyslye) (6)
vs(p)\ (a3 E(01FFDNE) s'eS(H\{s}

Lemma 1. If the factor graph is acyclic, messages are defined recursively by (5)
and (6), beginning with the messages from leaves. Moreover, for any s € S:

min  Hy(z, min Iy 7
ye{0,1}5 9( y yse{ol}f,;:@)wq ys ()
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Structured learning

Definition 3. For any finite set S and any d € {0,...,|S
d
Jsa=J () Csa=R’*" (8)
m=0

and call any ¢ € Csq an S-variate multi-linear polynomial form of degree at
most d. If d = |S|, c is also called an S-variate multi-linear polynomial form.

Example. For S = d = 2, we have

oz = O o)

(0 U)o
={gu{{o}y, (1 u{{o. 1}
= {2, {0}, {1}, {0,1}}
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Structured learning

Definition 4. An (S-variate) pseudo-boolean function (PBF) is any
f:{0,1}° — R with S a finite set.

Definition 5. For any finite set S, any d € {0,...,|S|} and any ¢ € Cgq, the
function f. defined below is called the PBF defined by c.

d
fer {0,1}° - R: 1’»—)2 Z CJij (9)

m=0J€(S) JjeJ

m

Example. For any ¢ € Cag, f. is such that for all x € {0,1}*:

fe(xo, 1) = co + cqoy®o + c{13x1 + ¢{0,13T0T1 -
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Structured learning

Lemma 2. Every PBF has a unique multi-linear polynomial form.

Proof. For any J C S, let 7 € {0,1}* such that for all j € S:

J{1 ifjedJ

x; i
0 otherwise

Now,

ve e {0,1}%: fl@)=> e ][

JCcs  jeJ
is written equivalently as
f(@®) = co
V4@ f@))=cs+ Zc(,/ .
JrcJ

Thus, ¢ is defined uniquely (by induction over the cardinality of J).
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Example 1. For S = d =2 and any f: {0,1}*> — R, the existence of a ¢ € C2o

such that f = f. means

vz € {0,1}%:

Explicitly,

f(xo0, 1) = co + cfoy o + c(13T1 + C{0,1}T0T1 -
f(ov 0) = Co
f(1,0) = cz + cqoy
f(0,1) =co +cq1y
F(1,1) = co + cqoy + 1y + o1 -
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Structured learning

Definition 6. For any finite set S and any d € {0,...,|S
of degree at most d is any f € Fsq where

}, an S-variate PBF

Fsqa:={f:{0,1}° 2R |3ceCsa: f=f}. (10)

In particular, an S-variate quadratic PBF (QPBF) is any f € Fs».

Remark. For any finite set .S, Fg|g| is the set of all S-variate PBFs (by
Lemma 2).
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Structured learning

Definition 7. An instance of pseudo-boolean optimization (PBO) is a pair
(S, c) with S a finite set and ¢ € Cg|s|. The objective function is f.. The
feasible set is {0,1}°. The solutions are those @ € {0,1}° with

(@) = min {fe(z) | @ € {0,1}"} (11)

An instance of quadratic pseudo-boolean optimization (PBO) is a pair (5, ¢)
with S a finite set and ¢ € Cs2. The objective function is f.. The feasible set is
{0,1}. The solutions are those & € {0,1}° with

f(#) = min {f(z) | = € {0,1}"} (12)
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Structured learning

We show that PBO is polynomially reducible to QPBO.

Definition 8. For any finite set S and any c € Cgg/, define the size of c as

size(c) := Z lJ| .

JCS: cj#0

Lemma 3. For any z,y,z € {0,1}:

z=ay < xy—2xz—2yz+32=0,
z#xy & xy—2axz—2yz+32>0 .

Proof. By verifying equivalence for all eight cases.

(13)

(14)
(15)
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Structured learning

Algorithm. (Boros and Hammer 2001)

Input: c € Cys

M=1+2%,cslc|

t:=0 N

cti=c

while there exists a J C S such that |J| > 2 and ¢ # 0
=t

t:=t+1

Choose j, k € J such that j # k

C{J K = e T M

o0y = —2M

c{k s} = —2M

c{ ;g =3M

for all {j,k} C J' C S such that ¢}, #0

t
CJ'\{; EYu{s:} *= €
CJ/ =
return ¢!
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Structured learning

Theorem 1.
— The algorithm terminates in polynomial time in size(c).
— size(c’) is polynomially bounded by size(c).

— Upon termination in iteration ¢, ¢! is a quadratic multi-linear polynomial
form. Moreover, for all z € {0, 1}SU{S1’“'S"}: x minimizes the QPBF f.: iff
z|s minimizes the PBF c.
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Structured learning

Proof. The algorithm replaces the occurrence of x;x) by x5, and adds the form
M(zjzr — 2z25, — 22KTs, + 32s,). By Lemma 3 and definition of M:

- Ifzs, = x a8t

fe(@) = fe(z|s) < max fe(a') < M/2 .

2/€{0,1}5
— Otherwise:
feu(z) = M/2
Moreover, for every ¢t > 0:

{JCS:[J|>2Acy #0} < {JCS:[J|>2ncs " #0}

which proves the complexity claims. O
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Structured learning

Definition 9. For any finite set S and any d € {0, ...,|S|}, let
K&, ={(K'K°) | K", KCSAK'NK" =2 A|K"'|+ |K°| = d}
d
J;_d = U Kg:m
m=0
Cly={c:Jiy > R|VjeJi,\{(©,2)}: 0<¢;
sa={c:Jsa > R|Vj€ g \{(2,9)}: 0<¢;}

and call any ¢ € C;d an S-variate posiform of degree at most d.

Example. For S =d =2,

Jh= {(2,2)}
u{ ({0}, 92), (2,{0}), ({1},2), (&,{1}) }
Ui ({0,1},2), ({0}, {1}), ({1},{0}), (2,{0,1}) }
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Structured learning

Definition 10. For any finite set S, any d € {0,...,|S|} and any c € C,,
fe: {0,1}% — R such that

vz € {0,1}° fe(z) := Z Cy150 H xj H (1—2a%) (16)

(J1,0%egt, et ged0

is called the PBF defined by c.

Example. For any c € C¥,, f.:{0,1}° — R is such that Va € {0,1}*:

flx) = coo
+ croyeo + cooy (1 — 20) + cr1ye1 + cop1y (1 — 21)
+ cfo132T0x1 + cgo3{13%o(1 — 1) + cq1y03 (1 — wo)x1
+ coo13(1 —@0)(1 — 1) .
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Structured learning

Definition 11. For any finite set S and any f : {0,1}% — R, the posiform
defined by

vz e {0,1}°: K;:={je S|z =1}
Kp:={j€es|z;=0}

and

J={wo)}u |J {(KiK)}

z€{0,1}5
and ¢: J — R such that

c = min T
i z€{0,1}° f( )

ve € {0,1}° cxiko = f(2) — coo

is called min-term posiform of f.
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Structured learning

Lemma 4. For any finite set S and any f: {0,1}° — R, the min-term posiform
c of f is such that f. = f.

Corollary 1. For any finite set S and any f : {0,1}° — R, there exists a
posiform ¢ € C¢ such that f. = f.
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Structured learning

Proof. Let S be any finite set, let f:{0,1}* = R, and let ¢ : J — R be the
min-term posiform of f.

c is a posiform (by definition).
Let g : {0,1}° — R be the PBF defined by this posiform.
Then, for any z € {0,1},

(74, 0%) € {(2,2), (Ks, K)} €

are the only elements of J for which

0# [[z JTO-2)=1.

jeJt j'eJo
Thus,

Ve e {0,1}°:  g(z) = cow + CK1KO
=coo + f(x) — coo (by definition of ¢)
f(z)
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Structured learning

Remark. Unlike multi-linear polynomial forms, posiforms of PBFs need not be
unique, e.g., o = ToZ1 + xo(1l — x1).

Definition 12. For any finite set S, any f: {0,1}° — R and any
de{0,...,]S|}, let

Cia(f)i={ceCdy| fe=f} - (17)

Remark. For any finite set S and any f : {0,1}° — R, C (f) contains at
least the min-term posiform of f.
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Structured learning

Lemma 5.

Vi:{0,1}5 5 R Vee CL(f) Vee{0,1}°: cop < f(z) .

Proof. By definition, we have, for all z € {0, 1}3,

f(z) = Z Z CK1KO H Tj H (1—af)

m=0 (k1 KOeK{ JEK!  j'eKO
d
:ng+z Z cKlKoHa:j H(l—w}),
m=l (k1 K0eK{ JjEK1  j'eKO

and all coefficients cx1 g0 in the second sum are non-negative.
Therefore, the second sum is non-negative.
Thus, for all z € {0,1}°:

Coy S f(x) .
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Structured learning

Definition 13. For any posiform ¢ : J — R, a pair (T,y) such that T'C S and
y: S — {0,1} is called a contractor of c iff

V(') e J: (J'NnT=2 AJ'NT =2)
V(3jeJ' NT: y; =0)
VEjenT:y;=1) . (18)
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Structured learning

Theorem 2 (partial optimality). For any finite set S, any f : {0,1}° = R, any

posiform ¢ € C;m(f) and any contractor (T, y) of ¢, there exists a solution z*

to the problem min {f(x) | z € {0,1}°} such that

VieS: aj=vy; . (19)
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Structured learning
Proof. Let a1, : {0,1}° — {0,1}" such that Vz € {0,1}° Vj € S:

y; ifjeT
L= . 20
ory(@); {xj otherwise (20)

Let J7 = {(J',J°) € T | ' NT=J'NT =2} and J" =T\ JT.
Now, Yz € {0,1}°:

f(m):ZCJlJO Hl"j H (1—af)+ ZCJlJO Hl"j H (1—af) .

(J1,J%9edT  jeJt  j'eJo (J1,0%9egT  jeJt  j'eJo

=:fT(z) =fT (z)

Furthermore, Vz € {0,1}°:

fF(ory(x) =0 (by definition)
0< f(x) (because (2, ) ¢ JT)
fMory(@) = 7 (2) (by definition) .
Adding the lhs. and rhs. shows that o7, is improving for the problem
min {f(z) | = € {0,1}"}. O
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Structured learning

For any finite set S, consider S-variate quadratic forms, i.e.

— any multi-linear polynomial form ¢ € Cs2, and f,, i.e. for all z € {0, 1}°:
fe@)=co+ Y cppmi+ Y cympaimk
J€s Ukre(3)

- any posiform ¢’ € Cd,, and f., i.e. for all z € {0,1}°:

fc//(x) = C;ag + Z (Ci[j},a:rj —+ C;a{j}(l — ;17]))
JjES
+ Z (Cmyeizn + iy (1 — )
Gkre(3)
+ iy yen(l — 5) + Cogay (1 — ;) (1 — 2x))
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Structured learning

Lemma 6. For any finite set S, any QPBF f : {0, 1}5 — R, the ¢ € Cg2 such
that f. = f and any ¢’ € C&,(f):

co=Coot Y ot D Copin
jes {ikre(3)

. / /
VieS: ey =cyye—cognt+ O, (Chymy — Coiny)
keS\L}

. s
V(. k} € (3): ey = ke + Cagiry — Chyiey — Sl

Proof. Expansion of the posiform ¢’ yields a quadratic multi-linear polynomial
form. Comparison with c yields the conditions stated in the Lemma. a
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Structured learning

Definition 14 (Complementation). For any finite set S and any QPBF
f:{0,1}° — R, the real number max {c55 | ¢’ € Cd,(f)} is called the floor
dual of f.

Corollary 2 (of Lemma 6). For any finite set S and any QPBF f: {0,1}° — R,
the floor dual is the solution to the linear optimization problem

max - co =Y oy Y o

7.7+
c/:Jgy—R jes {],k}e(g)
subject to Vi € S:  cyy =clyye — oy + 2 (Chriey — Coiny)
ke{1,n}—{j}
. S\ . _ ’ / ’
Vi kY € (3): cium = Chrre F otk — St — k)
vJeJh —{(@,2)}: 0<d;.
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