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Structured learning

The inference problem wrt. a conditional graphical model has the form of an
unconstrained binary optimization problem:

min {Hθ(x, y) | y ∈ {0, 1}S} (1)

=min

∑
f∈F

hfθ(xf , yS(f))

∣∣∣∣∣∣ y ∈ {0, 1}S
 (2)
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Structured learning

Definition 1. For any s ∈ S, let flips : {0, 1}S → {0, 1}S such that for any
y ∈ {0, 1}S and any t ∈ S:

flips[y](t) =

{
1− yt if t = s

yt otherwise
. (3)

Algorithm. Iterated conditional modes

y′ = icm(y)

choose s ∈ argmins′∈S Hθ(x,flips′ [y])−Hθ(x, y)
if Hθ(x, flips[y]) < Hθ(x, y)

y′ := icm(flips[y])
else

y′ := y
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Structured learning

Definition 2. (Kschischang 2001) For any variable node s ∈ S and any factor
node f ∈ F , the functions

µs→f , µf→s : {0, 1} → R , (4)

called messages, are defined such that for all ys ∈ {0, 1}:

µs→f (ys) =
∑

f ′∈F (s)\{f}

µf ′→s(ys) (5)

µf→s(ys) = min
yS(f)\{s}∈{0,1}S(f)\{s}

hfθ(xf , yS(f)) +
∑

s′∈S(f)\{s}

µs′→f (ys′) (6)

Lemma 1. If the factor graph is acyclic, messages are defined recursively by (5)
and (6), beginning with the messages from leaves. Moreover, for any s ∈ S:

min
y∈{0,1}S

Hθ(x, y) = min
ys∈{0,1}

∑
f ′∈F (s)

µf ′→s(ys) (7)
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Definition 3. For any finite set S and any d ∈ {0, . . . , |S|}, let

JSd :=

d⋃
m=0

(
S
m

)
CSd := RJSd (8)

and call any c ∈ CSd an S-variate multi-linear polynomial form of degree at
most d. If d = |S|, c is also called an S-variate multi-linear polynomial form.

Example. For S = d = 2, we have

J22 =

2⋃
m=0

({0,1}
m

)
=

({0,1}
0

)
∪
({0,1}

1

)
∪
({0,1}

2

)
= {∅} ∪ {{0}, {1}} ∪ {{0, 1}}
= {∅, {0}, {1}, {0, 1}}
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Definition 4. An (S-variate) pseudo-boolean function (PBF) is any
f : {0, 1}S → R with S a finite set.

Definition 5. For any finite set S, any d ∈ {0, . . . , |S|} and any c ∈ CSd, the
function fc defined below is called the PBF defined by c.

fc : {0, 1}S → R : x 7→
d∑

m=0

∑
J∈(S

m)

cJ
∏
j∈J

xj (9)

Example. For any c ∈ C22, fc is such that for all x ∈ {0, 1}2:

fc(x0, x1) = c∅ + c{0}x0 + c{1}x1 + c{0,1}x0x1 .
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Structured learning

Lemma 2. Every PBF has a unique multi-linear polynomial form.

Proof. For any J ⊆ S, let xJ ∈ {0, 1}S such that for all j ∈ S:

xJ
j =

{
1 if j ∈ J

0 otherwise
.

Now,

∀x ∈ {0, 1}S : f(x) =
∑
J⊆S

cJ
∏
j∈J

xj

is written equivalently as

f(x∅) = c∅

∀J ̸= ∅ : f(xJ) = cJ +
∑
J′⊂J

cJ′ .

Thus, c is defined uniquely (by induction over the cardinality of J). □
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Example 1. For S = d = 2 and any f : {0, 1}2 → R, the existence of a c ∈ C22

such that f = fc means

∀x ∈ {0, 1}2 : f(x0, x1) = c∅ + c{0}x0 + c{1}x1 + c{0,1}x0x1 .

Explicitly,

f(0, 0) = c∅

f(1, 0) = c∅ + c{0}

f(0, 1) = c∅ + c{1}

f(1, 1) = c∅ + c{0} + c{1} + c{0,1} .
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Definition 6. For any finite set S and any d ∈ {0, . . . , |S|}, an S-variate PBF
of degree at most d is any f ∈ FSd where

FSd := {f : {0, 1}S → R | ∃c ∈ CSd : f = fc} . (10)

In particular, an S-variate quadratic PBF (QPBF) is any f ∈ FS2.

Remark. For any finite set S, FS|S| is the set of all S-variate PBFs (by
Lemma 2).
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Definition 7. An instance of pseudo-boolean optimization (PBO) is a pair
(S, c) with S a finite set and c ∈ CS|S|. The objective function is fc. The
feasible set is {0, 1}S . The solutions are those x̂ ∈ {0, 1}S with

f(x̂) = min {fc(x) | x ∈ {0, 1}S} (11)

An instance of quadratic pseudo-boolean optimization (PBO) is a pair (S, c)
with S a finite set and c ∈ CS2. The objective function is fc. The feasible set is
{0, 1}S . The solutions are those x̂ ∈ {0, 1}S with

f(x̂) = min {fc(x) | x ∈ {0, 1}S} (12)
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Structured learning

We show that PBO is polynomially reducible to QPBO.

Definition 8. For any finite set S and any c ∈ CS|S|, define the size of c as

size(c) :=
∑

J⊆S: cJ ̸=0

|J | . (13)

Lemma 3. For any x, y, z ∈ {0, 1}:

z = xy ⇔ xy − 2xz − 2yz + 3z = 0 , (14)

z ̸= xy ⇔ xy − 2xz − 2yz + 3z > 0 . (15)

Proof. By verifying equivalence for all eight cases. □
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Structured learning

Algorithm. (Boros and Hammer 2001)

Input: c ∈ CS|S|
M := 1 + 2

∑
J⊆S |cJ |

t := 0
ct := c
while there exists a J ⊆ S such that |J | > 2 and ctJ ̸= 0

ct+1 := ct

t := t+ 1
Choose j, k ∈ J such that j ̸= k
S := S ∪̇ {st}
ct{j,k} := ct{j,k} +M

ct{j,st} := −2M

ct{k,st} := −2M

ct{st} := 3M

for all {j, k} ⊂ J ′ ⊆ S such that ctJ′ ̸= 0
ctJ′\{j,k}∪{st} := ctJ′

ctJ′ := 0
return ct
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Theorem 1.

– The algorithm terminates in polynomial time in size(c).

– size(c′) is polynomially bounded by size(c).

– Upon termination in iteration t, ct is a quadratic multi-linear polynomial
form. Moreover, for all x ∈ {0, 1}S∪{s1,...st}: x minimizes the QPBF fct iff
x|S minimizes the PBF c.
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Proof. The algorithm replaces the occurrence of xjxk by xst and adds the form
M(xjxk − 2xjxst − 2xkxst + 3xst). By Lemma 3 and definition of M :

– If xst = xjxk:

fct(x) = fc(x|S) ≤ max
x′∈{0,1}S

fc(x
′) < M/2 .

– Otherwise:

fct(x) ≥ M/2

Moreover, for every t > 0:

|{J ⊆ S : |J | > 2 ∧ ctJ ̸= 0}| < |{J ⊆ S : |J | > 2 ∧ ct−1
J ̸= 0}| ,

which proves the complexity claims. □
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Definition 9. For any finite set S and any d ∈ {0, . . . , |S|}, let

K+
Sd := {(K1,K0) | K1,K0 ⊆ S ∧K1 ∩K0 = ∅ ∧ |K1|+ |K0| = d}

J+
Sd :=

d⋃
m=0

K+
Sm

C+
Sd := {c : J+

Sd → R | ∀j ∈ J+
Sd \ {(∅,∅)} : 0 ≤ cj}

and call any c ∈ C+
Sd an S-variate posiform of degree at most d.

Example. For S = d = 2,

J+
S2 = { (∅,∅) }

∪ { ({0},∅), (∅, {0}), ({1},∅), (∅, {1}) }
∪ { ({0, 1},∅), ({0}, {1}), ({1}, {0}), (∅, {0, 1}) }
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Definition 10. For any finite set S, any d ∈ {0, . . . , |S|} and any c ∈ C+
Sd,

fc : {0, 1}S → R such that

∀x ∈ {0, 1}S fc(x) :=
∑

(J1,J0)∈J+
Sd

cJ1J0

∏
j∈J1

xj

∏
j′∈J0

(1− x′
j) (16)

is called the PBF defined by c.

Example. For any c ∈ C+
S2, fc : {0, 1}S → R is such that ∀x ∈ {0, 1}2:

f(x) = c∅∅

+ c{0}∅x0 + c∅{0}(1− x0) + c{1}∅x1 + c∅{1}(1− x1)

+ c{0,1}∅x0x1 + c{0}{1}x0(1− x1) + c{1}{0}(1− x0)x1

+ c∅{0,1}(1− x0)(1− x1) .
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Definition 11. For any finite set S and any f : {0, 1}S → R, the posiform
defined by

∀x ∈ {0, 1}S : K1
x := {j ∈ S | xj = 1}

K0
x := {j ∈ S | xj = 0}

and

J := {(∅,∅)} ∪
⋃

x∈{0,1}S
{(K1

x,K
0
x)}

and c : J → R such that

c∅∅ := min
x∈{0,1}S

f(x)

∀x ∈ {0, 1}S cK1
xK0

x
:= f(x)− c∅∅

is called min-term posiform of f .
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Lemma 4. For any finite set S and any f : {0, 1}S → R, the min-term posiform
c of f is such that fc = f .

Corollary 1. For any finite set S and any f : {0, 1}S → R, there exists a
posiform c ∈ C+

Sn such that fc = f .
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Proof. Let S be any finite set, let f : {0, 1}S → R, and let c : J → R be the
min-term posiform of f .

c is a posiform (by definition).

Let g : {0, 1}S → R be the PBF defined by this posiform.

Then, for any x ∈ {0, 1}S ,

(J1, J0) ∈ {(∅,∅), (K1
x,K

0
x)} ⊆ J

are the only elements of J for which

0 ̸=
∏
j∈J1

xj

∏
j′∈J0

(1− x′
j) = 1 .

Thus,

∀x ∈ {0, 1}S : g(x) = c∅∅ + cK1
xK0

x

= c∅∅ + f(x)− c∅∅ (by definition of c)

= f(x) .

□
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Remark. Unlike multi-linear polynomial forms, posiforms of PBFs need not be
unique, e.g., x0 = x0x1 + x0(1− x1).

Definition 12. For any finite set S, any f : {0, 1}S → R and any
d ∈ {0, . . . , |S|}, let

C+
Sd(f) :=

{
c ∈ C+

Sd | fc = f
}

. (17)

Remark. For any finite set S and any f : {0, 1}S → R, C+
Sn(f) contains at

least the min-term posiform of f .
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Lemma 5.

∀f : {0, 1}S → R ∀c ∈ C+
nn(f) ∀x ∈ {0, 1}S : c∅∅ ≤ f(x) .

Proof. By definition, we have, for all x ∈ {0, 1}S ,

f(x) =

d∑
m=0

∑
(K1,K0)∈K+

Sm

cK1K0

∏
j∈K1

xj

∏
j′∈K0

(1− x′
j)

= c∅∅ +
d∑

m=1

∑
(K1,K0)∈K+

Sm

cK1K0

∏
j∈K1

xj

∏
j′∈K0

(1− x′
j) ,

and all coefficients cK1K0 in the second sum are non-negative.

Therefore, the second sum is non-negative.

Thus, for all x ∈ {0, 1}S :

c∅∅ ≤ f(x) .

□
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Definition 13. For any posiform c : J → R, a pair (T, y) such that T ⊆ S and
y : S → {0, 1} is called a contractor of c iff

∀(J1, J0) ∈ J : (J1 ∩ T = ∅ ∧ J0 ∩ T = ∅)

∨ (∃j ∈ J1 ∩ T : yj = 0)

∨ (∃j ∈ J0 ∩ T : yj = 1) . (18)
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Theorem 2 (partial optimality). For any finite set S, any f : {0, 1}S → R, any
posiform c ∈ C+

S|S|(f) and any contractor (T, y) of c, there exists a solution x∗

to the problem min {f(x) | x ∈ {0, 1}S} such that

∀j ∈ S : x∗
j = yj . (19)
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Proof. Let σTy : {0, 1}S → {0, 1}S such that ∀x ∈ {0, 1}S ∀j ∈ S:

σTy(x)j =

{
yj if j ∈ T

xj otherwise
. (20)

Let J T̄ := {(J1, J0) ∈ J+
S|S| | J

1 ∩ T = J0 ∩ T = ∅} and JT := J \ J T̄ .

Now, ∀x ∈ {0, 1}S :

f(x) =
∑

(J1,J0)∈JT

cJ1J0

∏
j∈J1

xj

∏
j′∈J0

(1− x′
j)︸ ︷︷ ︸

=:fT (x)

+
∑

(J1,J0)∈JT̄

cJ1J0

∏
j∈J1

xj

∏
j′∈J0

(1− x′
j)

︸ ︷︷ ︸
=:f T̄ (x)

.

Furthermore, ∀x ∈ {0, 1}S :

fT (σTy(x)) = 0 (by definition)

0 ≤ fT (x) (because (∅,∅) ̸∈ JT )

f T̄ (σTy(x)) = f T̄ (x) (by definition) .

Adding the lhs. and rhs. shows that σTy is improving for the problem
min {f(x) | x ∈ {0, 1}S}. □
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For any finite set S, consider S-variate quadratic forms, i.e.

– any multi-linear polynomial form c ∈ CS2, and fc, i.e. for all x ∈ {0, 1}S :

fc(x) = c∅ +
∑
j∈S

c{j}xj +
∑

{j,k}∈(S2)

c{j,k}xjxk

– any posiform c′ ∈ C+
S2, and f ′

c, i.e. for all x ∈ {0, 1}S :

f ′
c′(x) = c′∅∅ +

∑
j∈S

(
c′{j}∅xj + c′∅{j}(1− xj)

)
+

∑
{j,k}∈

(
S
2

) (c′{j,k}∅xjxk + c′{j}{k}xj(1− xk)

+ c′{k}{j}xk(1− xj) + c′∅{j,k}(1− xj)(1− xk)
)
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Lemma 6. For any finite set S, any QPBF f : {0, 1}S → R, the c ∈ CS2 such
that fc = f and any c′ ∈ C+

S2(f):

c∅ = c′∅∅ +
∑
j∈S

c′∅{j} +
∑

{j,k}∈(S2)

c′∅{j,k}

∀j ∈ S : c{j} = c′{j}∅ − c′∅{j} +
∑

k∈S\{j}

(
c′{j}{k} − c′∅{j,k}

)
∀{j, k} ∈

(
S
2

)
: c{j,k} = c′{j,k}∅ + c′∅{j,k} − c′{j}{k} − c′{k}{j}

Proof. Expansion of the posiform c′ yields a quadratic multi-linear polynomial
form. Comparison with c yields the conditions stated in the Lemma. □
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Definition 14 (Complementation). For any finite set S and any QPBF
f : {0, 1}S → R, the real number max {c′∅∅ | c′ ∈ C+

S2(f)} is called the floor
dual of f .

Corollary 2 (of Lemma 6). For any finite set S and any QPBF f : {0, 1}S → R,
the floor dual is the solution to the linear optimization problem

max
c′:J+

S2
→R

c∅ −
∑
j∈S

c′∅{j} −
∑

{j,k}∈(S2)

c′∅{j,k}

subject to ∀j ∈ S : c{j} = c′{j}∅ − c′∅{j} +
∑

k∈{1,...,n}−{j}

(
c′{j}{k} − c′∅{j,k}

)
∀{j, k} ∈

(
S
2

)
: c{j,k} = c′{j,k}∅ + c′∅{j,k} − c′{j}{k} − c′{k}{j}

∀J ∈ J+
S2 − {(∅,∅)} : 0 ≤ c′J .


